Abstract. Inspired by Gromov's work on Metric inequalities with scalar curvature we establish band width inequalities for Riemannian bands of the form (V = M × [0, 1], g), where M n−1 is a closed essential manifold, under the assumption that the volumes of all metric balls with a fixed radius R > 0 in (V, g) are less than εnR n , with εn ∼ 1 n! . We prove that if 2R < sys(V, g), then width(V, g) ≤ R.
This paper is concerned with a class of manifolds called bands. While Gromov gives a very general definition in [4, Section 2] , the following is enough for our purposes: Definition 1. Let M n−1 be a closed smooth manifold. We call V := M × [0, 1] the band over M . If g is a smooth Riemannian metric on V , we call (V, g) a Riemannian band and define the width of the band, denoted width(V, g), to be the distance between M × {0} and M × {1} with respect to g.
In [4, Section 2] Gromov estimates the width of certain classes of Riemannian bands from above under the assumption that the scalar curvature Sc(g) of the metric is bounded from below by a positive constant. He calls an orientable band V n over-torical if it admits a continuous map to T n−1 × [0, 1] with non zero degree, such that M × {0} → T n−1 × {0} and M × {1} → T n−1 × {1}.
He proves:
Theorem 2 (Gromov) . Let V be an over-torical band. If g is a Riemmanian metric on V with Sc(g) ≥ σ > 0, then (1) width(V, g) ≤ 2π n − 1 σn .
In general he conjectures [4, 11. 12, Conjecture C] that if a closed manifold M of dimension ≥ 5 does not admit a metric of positive scalar curvature, then (1) holds for Riemannian bands
Using the Dirac operator, Rudolf Zeidler [9, Theorem 1.4] proved this conjecture for closed spin manifolds M with non-vanishing Rosenberg index (an obstruction to admitting a metric of positive scalar curvature), with a weaker constant depending on n.
The goal of this paper is to establish band width inequalities for a Riemannian band (V n , g) under a different condition on the metric g. Instead of a lower scalar curvature bound we assume, inspired by the work of Larry Guth [5, 6, 7] , that all metric balls of a certain radius R > 0 in (V, g) have small volume (< ε n R n ) for some small constant ε n > 0, only depending on the dimension n.
The value Sc(g, p) of the scalar curvature at a point p in a Riemannian manifold (M n , g) appears as a coefficient in the Taylor expansion of the volume of a geodesic ball of radius R around p:
where ω n is the volume of the unit ball in euclidean space R n .
This implies that if the scalar curvature of (M, g) is bounded from below by a positive constant and if M is assumed to be compact, there is a λ(M, g) > 0 such that all R-balls in (M, g) with R < λ(M, g) have vol(B R (p)) < ω n R n . This is relevant regarding obstructions to positive scalar curvature, as Gromov conjectures the following [3] : Conjecture 3. Let g be metric on a closed aspherical manifold M n . For any R > 0 there is a point p in the universal cover (M ,g) with vol(B R (p)) ≥ ω n R n .
This implies that closed aspherical manifolds do not admit metrics with positive scalar curvature. Furthermore it is related to systolic geometry (see [5, Section 7] ). We introduce the basic notions, mostly following [1, Section2] .
Definition 4. By a Riemannian metric on a k-simplex ∆ k we understand the pullback of an arbitrary Riemannian metric on R k via an affine linear embedding ∆ k ֒→ R k . A Riemannian metric on a simplicial complex X is given by a Riemannian metric g τ on every simplex, such that
Remark 5. A Riemannian metric g enables us to measure the lengths of piecewise smooth curves in a simplicial complex X n . As for Riemannian manifolds one obtains a path metric d g on X n , if X n is connected. Moreover there is an obvious notion of n-dimensional Riemannian volume, coinciding with the n-dimensional Hausdorff measure.
Definition 6. The systole sys(X, g) of a Riemannian polyhedron (X, g) is defined to be the infimum of all lengths of noncontractible closed piecewise smooth curves in X.
Remark 7. Any Riemannian manifold (M, g) becomes a Riemannian polyhedron by choosing a smooth triangulation of M . As the systole clearly does not depend on a choice of triangulation, it makes sense to talk about the systole of (M, g).
with non-trivial image for coefficients G = Z or G = Z 2 . A closed manifold M is called essential if any smooth triangulation of M produces an essential simplicial complex.
It is a central result in systolic geometry [2, Appendix 2, (B1')] that for any compact essential Riemannian polyhedron (X n , g) the following, so called, isosystolic inequality holds true:
n , where C(n) is a constant that only depends on the dimension n. For the special case of closed essential manifolds see [2, Theorem 0.1.A].
In [7, Corollary 3] Guth proved a version of Conjecture 3, where ω n is replaced by a smaller constant ε n . It follows that for every metric g on a closed essential manifold M n and any radius R with sys(M, g) ≥ 6R, there is a point p ∈ M with vol(B R (p)) ≥ ε n R n . This implies the isosystolic inequality (2) for closed essential manifolds (just take R = 1 6 sys(M, g)).
In [8, Theorem 2.6] Nabutovsky generalized Guth's results from [7] to Riemannian polyhedra. Additionally his proof produces the estimate ε n ∼ 1 n! (a major achievement, yet still short of the conjectured ε n = ω n , which would allow us to draw conclusions about scalar curvature). Still, closed essential manifolds do not admit Riemannian metrics with vol(B R (p)) < ε n R n (for R small enough), and this is, at least conjecturally, related to the nonexistence of positive scalar curvature metrics.
Our main result is the following: Remark 10. Under the additional assumption that 2R < sys(V, g), Theorem 9 really gives a band width estimate. As vol(B R (p)) is only related to scalar curvature for very small R and vol(B R (p)) tends to be a lot smaller than ω n R n for 2R ≫ sys(V, g) ≥ inj(V, g), this condition seems very natural in our setting.
Let M n−1 be a closed manifold and g a Riemannian metric g on V := M × [0, 1]. The key idea in our proof of Theorem 9 is to construct a compact Riemannian polyhedron (D, g d ) from the Riemannian band (V, g) by taking its metric double and to relate the width of the band to the systole of (D, g d ) . This in turn can be estimated in terms of R using the results from [8] if M is essential.
We fix a smooth triangulation of V . Let (V 1 , g 1 ) be the Riemannian polyhedron obtained from (V, g) via this triangulation. Let V 2 := M × [−1, 0] and g 2 be the pullback metric under the diffeomorphism s : V 2 → V 1 (x, y) → (x, −y). Since s is a diffeomorphism we can also pull back the smooth triangulation from V 1 to V 2 via s. This gives (V 2 , g 2 ) the structure of a Riemannian polyhedron. To get (D, g d ) we take the disjoint union of (V 1 , g 1 ) and (V 2 , g 2 ), and glue them together along their (isometric) boundaries i.e. M × {−1} ∼ id M × {1} and M × {0} ∼ id M × {0}. The result is a simplicial complex D. Every simplex of D is a proper subset of the subcomplexes V 1 or V 2 (here we identify V 1 and V 2 with their images under the quotient map from their disjoint union to D). Thus we can define a Riemannian metric
In the proof of Theorem 9, it will be crucial to relate the systoles of (V, g) and its metric double.
Lemma 11. Let γ be a closed noncontractible piecewise smooth curve in (D, g d ) . Then either length(γ) ≥ 2width(V, g) or there is a closed noncontractible piecewise smooth curveγ in (V, g) with length(γ) = length(γ). 
) is a homotopy between c and the curve (c 1 (t), 0) ⊂ M 0 . In the same way
is a homotopy between (c 1 , −c 2 ) = r(c) and (c 1 (t), 0) ⊂ M 0 . As the endpoints are fixed in both H 1 and H 2 , we can concatenate them to get a homotopy between c and r(c).
) is a closed curve in V 1 homotopic to γ and therefore noncontractible. As r preserves the length of curves, we get length(γ) = length(γ) and since we can view (
as a copy of (V, g), this proves the lemma.
Corollary 12. Let M be a closed manifold and
where (D, g d ) denotes the metric double of (V, g).
Proof. As the systole is defined to be the infimum over the lengths of all closed noncontractible piecewise smooth curves, this follows immediately from Lemma 11.
For the rest of this paper we assume that M n−1 is closed and essential. Let g be a metric on V . Corollary 12 implies that to estimate the systole or the width of (V, g) from above in terms of some R > 0, it is enough to estimate the systole of the metric double (D, g d ) from above in terms of R. We intend to use the following theorem by Nabutovsky [8, Theorem 2.6]:
Theorem 13 (Nabutovsky). Let (X n , g) be a compact Riemannian polyhedron. Let 1 > δ > 0 and R > 0 be real numbers. Assume that for every p ∈ M the volume of the metric ball of radius R around p is less than (1 − δ)
Definition 14. The (n−1)-dimensional Alexandrov width U R n−1 (X, g) of a compact Riemannian polyhedron (X, g) is defined to be the infimal R, for which there is a continuous map f :
into an (n− 1)-dimensional simplicial complex K n−1 , such that f −1 {x} can be covered by a metric ball of radius R in X.
) is an essential Riemannian polyhedron, then
This is a combination of Proposition (D), the inequality (b) in section (B) of Appendix 2 of [2] and the second inequality in section (B1') in [2] . For more details we refer to [8, Introduction] .
Remark 15. At the end of [8] Nabutovsky sketches a direct proof of the inequality sys(X, g) ≤ 2U R n−1 (X, g) for essential Riemannian polyhedra X. We use this estimate in our proof of Theorem 9 to get a slightly better result than if we were to use (4).
Lemma 16. Let M n−1 be a closed essential manifold. Then the double D is essential as well.
Proof. Since M n−1 is closed and essential the classifying map f :
is the direct product of f and id S 1 . The general Künneth formula tells us that the cross product maps H n−1 (M ; G) ⊗ H 1 (S 1 ; G) → H n (M × S 1 ; G) and H n−1 (K(π 1 (M ), 1); G) ⊗ H 1 (S 1 ; G) → H n (K(π 1 (M ), 1) × S 1 ; G)
are injective and commute with the maps induced by f, id S 1 and g. Let α ∈ H n (M ; G) be a class with f * α = 0 and denote by e the generator of H 1 (S 1 ; G). Then g * (α × e) = f * α × e = 0, proving the lemma.
We now have all the necessary tools to prove our main theorem:
Proof of Theorem 9. Consider the double (D, g d ) of (V, g) as before. If every R-ball in V has volume smaller than (1 − δ) Finally it follows from Corollary 12, that min{sys(V, g), 2width(V, g)} ≤ 2R, proving the Theorem.
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